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We work out a set of simple rules for adopting the two-loop renormalization group equations
of a generic gauge field theory given in the seminal works of Machacek and Vaughn to the most
general case with an arbitrary number of Abelian gauge factors and comment on the extra subtleties
possibly encountered upon matching a set of effective gauge theories in such a framework.
I. INTRODUCTION
Since the advent of the renormalization group (RG)
techniques in the early 1970’s [1–4] the β-functions and
the anomalous dimensions of a wide range of theories
have been calculated to a several loops. In this context,
the series of 1980’s papers by Machacek and Vaughn [5–
7] in which the existing results have been wrapped up
into a set of explicit two-loop formulae for (almost) any
renormalizable gauge theory represents a cornerstone un-
derpinning many recent precision calculations. As such,
these results were subject to a thorough re-evaluation in
the last two decades; remarkably enough, they passed
with only very minor corrections, see, e.g., [8].
Nevertheless, there is a class of scenarios that was left
aside in the original works [5–8], in particular, those the-
ories that besides a semi-simple gauge structure feature
more than a single Abelian gauge factor. Indeed, a quali-
tatively new feature – a possible mixing among the gauge-
invariant kinetic forms of the Abelian gauge fields [9, 10]
– arises with more than a single U(1) at play.
The impact of such a “gauge kinetic mixing” on the
structure of the renormalization group equations (RGEs)
and, subsequently, on the evaluation of the running gauge
couplings has been studied in great detail in [11, 12]; sim-
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ilarly, the general two-loop β-functions for all other di-
mensionless parameters were derived in [13]. However,
up to our best knowledge, there are no results for dimen-
sionfull parameters available in the existing literature.
In this letter, we aim at filling this gap. In order to
do so, we use the methods advocated in Ref. [14] where
the general two-loop results for softly broken renormal-
izable supersymmetric theories have been given. As we
will show, this approach also significantly simplifies the
derivation of the β-functions for the dimensionless pa-
rameters as compared to, e.g., Ref. [13].
In Sect. II the method of Ref. [14] is briefly reviewed.
In Sect. III we present a set of substitution rules which
admit for a straightforward generalization of the rele-
vant formulae of Ref. [5–8] to the case with multiple
U(1) gauge factors and comment in brief on the sub-
tleties that may be encountered upon matching a set of
effective gauge theories in such a framework. Then we
conclude in Sect. IV.
II. THE METHOD
The main novelty encountered in theories with more
than a single U(1) gauge factor is due to the new terms
in Lagrangian connecting the field strength tensors of
different U(1)’s:
Lkin. ∋ −
1
4
FTµνξF
µν . (1)
2Here, the relevant field tensors have been grouped into
an n-dimensional vector Fµν (with n denoting the num-
ber of independent gauged U(1)’s) and ξ is an n × n
real and symmetric matrix. This, in turn, introduces
1
2
n(n− 1) extra dynamical parameters. In order to con-
struct the RGEs for such a theory, one would have to (i)
derive the β-functions governing these extra parameters
and (ii) modify the β-functions of all other parameters,
such as the gauge or Yukawa couplings as well as the rel-
evant anomalous dimensions. Such a “straightforward”
approach has been used in Ref. [13] to derive the two-loop
β-functions for all dimensionless parameters of a generic
(non-supersymmetric) renormalizable gauge theory.
Alternatively, one can work in a renormalization
scheme in which the ξ-parameter in Eq. (1) is absorbed
by a suitable redefinition of the gauge fields, namely,
V → ξ1/2V . (2)
which, indeed, provides a canonically normalized gauge
sector. However, such a redefinition impacts the non-
derivative part of the original covariant derivative:
QTi G˜V → Q
T
i G˜ξ
−1/2V , (3)
where G˜ is the original diagonal matrix1 of n individual
gauge couplings associated to the n Abelian gauge fac-
tors, and Qi is the vector
2 of the relevant U(1) charges.
Similarly, the gauge-kinetic counterterm is transformed,
Z
1/2
V ξBZ
1/2
V − ξ → ξ
−1/2Z
1/2
V ξBZ
1/2
V ξ
−1/2 − 1 ≡ δZV˜ ,
(4)
where the subscript B denotes bare quantities and Z
1/2
V is
the original (diagonal) gauge-field renormalization factor
VB = Z
1/2
V V . Hence, the ξ
−1/2 factor can be “hidden”
into a new set of 1
2
n(n − 1) “effective” gauge couplings
whose combinations populate off-diagonal entries of an
“extended gauge-coupling matrix”
G ≡ G˜ξ−1/2 , (5)
and a suitably redefined gauge-kinetic counterterm. In
this scheme, the gauge-kinetic counterterm δZV˜ is natu-
rally off-diagonal and ready to absorb the ultraviolet di-
vergences in the off-diagonal two-point functions. There-
fore, it is sufficient to work with a matrix-like gauge-
coupling structure (5), forgetting entirely about the ξ-
origin of its off-diagonal entries.
1 with indices in the group and gauge-field spaces, respectively
2 with a lower index assigning the corresponding matter-field
Needless to say, these two strategies are entirely equiv-
alent in theory; in practice, however, the latter is much
more suitable for our task as it essentially amounts to
replacing all the polynomials including individual gauge
couplings in [5–7] by the relevant matrix structures, with
no need to deal with the evolution equations for the ξ
matrix.
Let us also anticipate that the set of substitution rules
given in the next section is quite short and these rules are
much easier to apply in practice than the results quoted
in Ref. [13]. In addition, they are entirely universal, i.e.,
they can be readily used to derive the correct β-functions
for all parameters in the theory, not just the dimension-
less ones. Finally, we note that due to the absence of
gauginos and quartic couplings stemming from D-terms
the current list is also significantly shorter than its su-
persymmetric counterpart given in Ref. [14].
III. RESULTS
In this section, we work out all the necessary sub-
stitution rules underpinning the general construction of
the two-loop RGEs for an arbitrary non-supersymmetric
renormalizable quantum field theory using the results
of Ref. [8]. In order to make the discussion more self-
contained we shall also provide the generalization of the
“canonical” Weinberg’s [15] and Hall’s [16] gauge theory
matching formulae.
A. The RGE structure
Quantities related to the Abelian gauge factors appear
in terms which explicitly depend on group generators, as
well as gauge group structure constants. Following the
convention of Ref. [8], the covariant derivatives for real
scalar fields Φa and Weyl fermions Ψj are written as
3
DµΦa =∂µΦa − ig
∑
b
ΘαabV
α
µ Φb , (6)
DµΨj =∂µΨj − ig
∑
k
tαjkV
α
µ Ψk . (7)
For non-Abelian groups, Θα and tα are hermitian matri-
ces. In addition, Θα’s are purely imaginary and antisym-
3 Repeated Greek indices, which refer to gauge bosons, are as-
sumed to be summed over. Summations over all other types of
indices are indicated explicitly.
3metric. The quadratic Dynkin and Casimir indexes are
defined as
Cab(S) = (ΘαΘα)ab , S(S)δ
αβ = Tr(ΘαΘβ) , (8)
Cab(F ) = (tαtα)ab , S(F )δ
αβ = Tr(tαtβ) . (9)
The β-functions and anomalous dimensions for a general
non-supersymmetric renormalizable quantum field the-
ory including an arbitrary number of simple gauge fac-
tors but at most one U(1) are obtained from the formulas
and substitution rules given in Refs. [5–8]. In what fol-
lows, we shall generalize these substitution rules to cover
the case with an arbitrary number of Abelian factors.
The gauge group is taken to be GA⊗GB⊗ . . .⊗U (1)
n
,
where the GX ’s are simple groups (uppercase indices shall
be used only for simple factors). As mentioned before,
the U(1) sector should be treated as a whole and de-
scribed in terms of a general real n × n gauge-coupling
matrix G and a column vector of charges QSi for each
scalar Φi and Q
F
i for each fermion Ψi. Using this con-
vention, we can rewrite Eqs. (6) and (7) as
DµΦa =∂µΦa − iδ˜ab
(
QSb
)T
GV Φb − i
∑
A,b
gAΘ
α
A,abV
α
µ Φb ,
(10)
DµΨj =∂µΨj − iδjk
(
QFk
)T
GVΨk − i
∑
A,b
gAt
α
A,jkV
α
µ Ψk ,
(11)
where V is a vector containing the U(1) gauge bosons.
In passing we introduced an antisymmetric tensor δ˜ab
equal to the imaginary unit i if a and b are the real and
imaginary components of an eigenstate of the U(1) gauge
interactions, respectively; otherwise, δ˜ab = 0.
We also note that the forms
WRi ≡ G
TQRi (12)
where i numbers the scalar (R = S) or fermion (R = F )
of the theory are the only combinations of QRi and G
which appear in the Lagrangian and, hence, the Abelian
charges should appear in the relevant RGEs only through
these quantities.
The only non-trivial substitution rule to be applied at
the one-loop level for the β-function of the gauge cou-
plings reads:
g3S(R)→ G
∑
p
WRp
(
WRp
)T
. (13)
Here, as well as below,
∑
p runs over all fermions for
R = F , or scalars for R = S.
At two loops, the substitution rules for the matrix G
of the Abelian gauge couplings read:
g5C(R)S(R)→
∑
p
GWRp
(
WRp
)T
×
[∑
B
g2BC
pp
B (R) +
(
WRp
)T
WRp
]
,
(14)
g3Cab(R)/d(G)→ δabGW
R
a
(
WRa
)T
. (15)
Note that all terms involving C(G) vanish and, hence,
the corresponding formulae remain intact. For a non-
Abelian group factor GA, only one expression needs to
be modified:
g5C(R)S(R)→g3A
∑
p
CppA (R)/d (GA)
×
[∑
B
g2BC
pp
B (R) +
(
WRp
)T
WRp
]
.
(16)
For the calculation of the β-functions for the parameters
appearing in the potential, one needs
g2Cab(R)→
∑
A
g2AC
ab
A (R) + δab
(
WRa
)T
WRa , (17)
g4Cab(R)Ccd(R′)→
[∑
A
g2AC
ab
A (R) + δab
(
WRa
)T
WRa
][∑
B
g2BC
cd
B (R
′) + δcd
(
WR
′
c
)T
WR
′
c
]
, (18)
g4S(R)Cab(R′)→
∑
A
g4ASA(R)C
ab
A (R
′) + δab
∑
p
[(
WRp
)T
WR
′
a
]2
. (19)
4In addition, the gauge charges (i.e., generators) appear
explicitly in the β-functions. The corresponding replace-
ment rules follow from the generalized form of the covari-
ant derivatives given in Eqs. (10) and (11). For terms
including fermionic generators, they read
g2tαijt
α
kl →
∑
A
g2At
α
A,ijt
α
A,kl + δijδkl
(
WFi
)T
WFk , (20)
g4{Θα,Θβ}abt
α
ijt
β
kl →
∑
A
∑
B
g2Ag
2
B
{
ΘαA,Θ
β
B
}
ab
tαA,ijt
β
B,kl + 2δabδijδkl
(
WSa
)T
WFi
(
WSb
)T
WFk
+
∑
A,p
g2A
[
δ˜ap
(
WSa
)T
ΘαA,pb + δ˜pb
(
WSb
)T
ΘαA,ap
] (
δijW
F
i t
α
A,kl + δklW
F
k t
α
A,ij
)
, (21)
and, similarly, for terms involving t∗. In order to generalize the factors involving scalar generators only, we introduce
the following shorthand notation:
Λ˜ab,cd ≡
∑
A
g2A (Θ
α
A)ac (Θ
α
A)bd + δ˜acδ˜bd
(
WSa
)T
WSb , (22)
Λ˜Sab,cd ≡
∑
A
g4ASA (R) (Θ
α
A)ac (Θ
α
A)bd + δ˜acδ˜bd
∑
p
(
WSa
)T
WSp
(
WSp
)T
WSb , (23)
Λ˜Gab,cd ≡
∑
A
g4AC (GA) (Θ
α
A)ac (Θ
α
A)bd . (24)
With this at hand, one obtains
g2 (ΘαA)ac (Θ
α
A)bd → Λ˜ab,cd , (25)
g4
{
Θα,Θβ
}
ab
{
Θα,Θβ
}
cd
→ 2
∑
e,f
(
Λ˜ac,ef Λ˜ef,bd + Λ˜af,edΛ˜ec,bf
)
, (26)
g6C (G)
{
Θα,Θβ
}
ab
{
Θα,Θβ
}
cd
→ 2
∑
e,f
(
Λ˜Gac,ef Λ˜ef,bd + Λ˜
G
af,edΛ˜ec,bf
)
, (27)
g6S (R)
{
Θα,Θβ
}
ab
{
Θα,Θβ
}
cd
→ 2
∑
e,f
(
Λ˜Sac,ef Λ˜ef,bd + Λ˜
S
af,edΛ˜ec,bf
)
, (28)
g6
∑
i
C (i)
{
Θα,Θβ
}
ab
{
Θα,Θβ
}
cd
→ 2
∑
e,f
∑
free i
[∑
B
g2BCB (i) +
(
WSi
)T
WSi
](
Λ˜ac,ef Λ˜ef,bd + Λ˜af,edΛ˜ec,bf
)
, (29)
where CA (i) is the same as C
ii
A(S) (see Refs. [5–8]). Note also that, unlike e, f or p in previous expressions, the index
i is to be summed over the free indices only (not over all scalars): i = a, b, c, d, i = a, b, c or i = a, b depending on the
specific setting.
B. Matching conditions
Subtleties related to the kinetic mixing are also en-
countered in the matching formulae relating two sets of
gauge couplings parameterizing the high- and low-energy
effective theories upon passing through a characteristic
scale where heavy degrees of freedom are integrated out.
For the sake simplicity, let us start with the basic for-
mulae [15, 16] relating a gauge coupling g of a simple
gauge group G (associated to some grand unified the-
ory) to the effective couplings gC associated to the set of
preserved gauge factors GC relevant to its broken-phase
description below a characteristic scale µ. These obey
g−2C = g
−2 − λC(µ) , (30)
where
λC(µ) =
1
48pi2
∆C +
1
8pi2
[
−
11
3
SC(VC) log
MVC
µ
(31)
+
4
3
κFiSC(Fi) log
MFi
µ
+
1
3
ηSbSC(Sb) log
MSb
µ
]
,
5is the “threshold” function in the MS scheme (and in di-
mensional regularization); ∆C = C(G) − C(Gi) is the
difference of the two group Casimirs (i.e., the indexes of
the adjoint representations of G and GC), SC denote the
Dynkin indexes of the fermions Fi and scalars Sb (with
masses MFi and MSb) with respect to GC , κFi = 1 if Fi
is a Dirac spinor and 1
2
for Weyl, and ηSb = 1 if Sb is a
complex scalar and 1
2
for real. Note that the (Feynman
gauge) Goldstone boson’s effects have been conveniently
included into the last term among those of general mas-
sive scalar fields; similarly, the effects of ghosts (segre-
gated in the original works [15, 16]) have been subsumed
into the first (gauge) term in the bracket.
Note also that in this convention the coefficients of
the µ-dependent terms in the bracket of Eq. (31) closely
resemble those popping up in the classical one-loop β-
function formula for non-Abelian gauge theories. This,
indeed, is crucial to ensure the leading-order matching-
scale independence of the effective gauge couplings at two
loops.
Needless to say, the same should happen in the case
when there is more than a single U(1) gauge factor among
either the effective high- or low-energy gauge factors (or
both). Then, however, the β-functions are conveniently
written in terms of the gauge-coupling matrix structure
G, see Eq. (5), so one may expect similar changes in the
relevant threshold functions λ(µ).
To this end, let us focus solely onto the matching
among two gauge theories with U(1)n and U(1)n
′
gauge
groups (n′ < n), respectively4. Without loss of generality
one may assume that their generators fulfil
Q′ = PQ , (32)
where P is an n′ × n matrix projector onto the (primed)
subspace of the conserved charges obeying PPT = 1′.
The relevant gauge-coupling matrices G′ and G are then
related by the formula
(G′G′T )−1 = P [(GGT )−1 − Λ(µ)]PT , (33)
where the “matching function” Λ(µ) reads at the leading
4 An interested reader can find a more complete account of the
general case including extra sets of non-Abelian factors in the
recent study [17].
(i.e., one-loop) order
Λ(µ) =
1
8pi2
GT−1
[
4
3
∑
Fi
κFiW
F
i (W
F
i )
T log
MFi
µ
+
1
3
∑
Sb
ηSbW
S
b (W
S
b )
T log
MSb
µ
]
G−1 . (34)
As before, Fi and Sb denote the fermions and scalars in
the theory, respectively, and there are no contributions
similar to the first two terms in Eq. (30) in the purely
Abelian case. Note also that the transformation prop-
erties of GT−1WWTG−1 under the change of bases in
the charge and gauge-field spaces are identical to those
of (GGT )−1; hence, the algebraic structure of Eq. (34) is
fully justified.
There is perhaps one more point worth making here.
The matrix structure of Eqs. (33) and (34) is very im-
portant also for the self-consistency of the effective the-
ory which, as long as the gauge interactions are consid-
ered, should care only about the mass and the “effective”
charges of any given multiplet without any reference to
its full-theory origin.
Let us exemplify this on the specific case of the Gold-
stone boson with the Standard Model quantum numbers
(3, 1,+ 2
3
) which provides the longitudinal component to
the massive vector boson in a class of Pati-Salam ex-
tensions of the Standard Model (recall that there is in-
deed the (3, 1,+ 2
3
)+h.c. vector among the gauge fields
of SU(4)C ⊗SU(2)L⊗U(1)R ≡ 421 and we chose U(1)R
instead of the full SU(2)R just to get rid of the extra vec-
tors/Goldstones present in the LR-symmetric settings).
Such a field typically emerges as a massless mixture of
several components with different 421 origin that, be-
sides their obvious SU(3)c×SU(2)L charges can be con-
veniently classified in terms of the two independent Car-
tans QR of U(1)R and (the physically normalized) QBL
of the U(1)BL subgroup of SU(4)C . More specifically,
let us consider (3, 1,+ 2
3
) originating from the mixture
of (3, 1, 0,+ 4
3
) ≡ S1 and (3, 1,+1,−
2
3
) ≡ S2 encoun-
tered in the recent work [17] and check that the thresh-
old correction to the effective U(1)Y gauge coupling due
to (3, 1,+ 2
3
)+h.c. being integrated out does not depend
on the mixing among S1 and S2, although the relevant
6WSb (W
S
b )
T matrices in (34) are obviously different:
∑
b
WS1b (W
S1
b )
T = (1
√
3
8
)
(
0 0
0 + 16
3
) 1√
3
8
 ,
∑
b
WS2b (W
S2
b )
T = (1
√
3
8
)
(
+3 −2
−2 + 4
3
) 1√
3
8
 .
Indeed, sandwiching these structures among the projec-
tors onto the SM hypercharge PY = (
√
3
5
√
2
5
) as sug-
gested by formula (33) produces the same result for both
S1 and S2, or any mixture of the two fields.
IV. CONCLUSION
In this letter we have worked out the rules for adopt-
ing the two-loop renormalization group equations given
in the seminal works [5–7] (in the notation of [8]) to
the most general case of a non-supersymmetric renor-
malizable gauge theory featuring an arbitrary number of
Abelian gauge factors. It is important to stress that our
method is entirely universal as it can be readily used to
derive the β-functions for all parameters in the theory,
not just the dimensionless ones considered previously in
the literature. The approach follows closely which we
used formerly in the supersymmetric case [14] with just
minor modifications reflecting a slightly different conven-
tion used in the primary papers. We also comment on
the extra subtleties often encountered upon matching a
set of effective gauge theories in such a framework.
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